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Abstract 

We show that the Kahler-Ricci flow on a manifold with positive first Chern class 
converges to a Kahler-Einstein metric assuming positive bisectional curvature and 
certain stability conditions. 



1 Introduction 



Let X be a compact Kahler manifold of complex dimension n with ci{X) > 0. The 
Frankel conjecture, proved by Mori [Mor] and Siu-Yau [SY], states that if X admits a 
Kahler metric of positive bisectional curvature then it is biholomorphic to P". There has 
been much interest in obtaining a proof of this using the Kahler-Ricci flow: 

d 

0^9 kj = 9kj -Rkj- (1-1) 

By a result of Goldberg-Kobayashi [GK], this amounts to solving the following well-known 
'folklore' problem: without using the existence of a Kahler-Einstein metric, show that if a 
Kahler metric has positive bisectional curvature then the Kahler-Ricci flow deforms it to 
a Kahler-Einstein metric. 

We mention now some work related to this problem. The case n = 1 was settled by 
Hamilton [HI], Chow [Cho] (see also Chen-Lu-Tian [CLT]). Bando [B] and Mok [Mok] 
showed that, in every dimension, the positivity of the bisectional curvature is preserved 
along the Kahler-Ricci flow. Chen-Tian [CT] used the Moser-Trudinger inequalities [Tl, 
TZl] (see also [PSSWl]) to show that if there exists a Kahler-Einstein metric then, starting 
at a metric with positive bisectional curvature, the flow converges to it. Perelman later 
showed, without any curvature conditions, that the flow converges to a Kahler-Einstein 
metric when one exists, and this was extended to Kahler-Ricci solitons by Tian-Zhu [P2, 
TZ2]. Using an injectivity radius estimate of Perelman [PI], Cao-Chen-Zhu [CCZ] showed 
that if the bisectional curvature is nonnegative then the Riemann curvature tensor is 
bounded along the flow. Chen [Che] showed, using the Frankel conjecture together with 
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the flow, that an irreducible Kahler manifold with positive orthogonal bisectional curvature 
is biholomorphic to P". 

In [PS3], it was shown that the folklore problem can be reduced to establishing various 
stability conditions. In this paper we succeed in making further progress along these lines. 
We consider the following three conditions: 

(A) The Mabuchi K-energy is bounded below on 7rci(X); 
(A') The Futaki invariant of X is zero; 

(B) Let J be the complex structure of X, viewed as a tensor. Then the C°° closure 
of the orbit of J under the diffeomorphism group of X does not contain any complex 
structure Jqo with the property that the space of holomorphic vector fields with respect to 
Joo has dimension strictly higher than the dimension of the space of holomorphic vector 
fields with respect to J. 

Conditions (A) and (A') and their relations to stability have been studied intensely in the 
last two decades, and for the definitions we refer the reader to the literature (see [PSl], 
for example). Condition (B) was introduced in [PS3]. It was shown there that if the 
curvatures along the Kahler-Ricci flow are uniformly bounded, and if (A) and (B) hold 
then the Kahler-Ricci flow converges exponentially fast to a Kahler-Einstein metric. Note 
that the Riemann curvature tensor is bounded along the flow if the bisectional curvature 
is nonnegative or, in the case of two complex dimensions, if we have the weaker condition 
of nonnegative Ricci curvature with traceless curvature operator 2-nonnegative [PS2] . 

Our flrst result is as follows: 

Theorem 1 Suppose there exists a Kdhler metric qq on X with nonnegative bisectional 
curvature which is positive at one point. Assume condition (A) holds. Then the Kdhler- 
Ricci flow starting at go converges eocponentially fast in C°° to a Kahler-Einstein metric. 

Now, at least a priori, the algebraic condition (A') is much weaker than (A). Here, we 
strengthen the result of [PS3] by replacing (A) by condition (A'). 

Theorem 2 Suppose that the Riemann curvature tensor is uniformly bounded along the 
Kahler-Ricci flow and that conditions (A') and (B) hold. Then the Kahler-Ricci flow 
converges exponentially fast in C°° to a Kahler-Einstein metric. 

If n < 2 we have: 

Theorem 3 Assume X has complex dimension 1 or 2, go has nonnegative bisectional 
curvature and condition (A') holds. Then the Kahler-Ricci flow starting at go converges 
exponentially fast in C°° to a Kahler-Einstein metric. 
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This result for n = 1 has already been established by different methods as mentioned 
above. Theorem 3 now shows that the folklore problem in complex dimension 2 can be 
reduced to a condition on the finite dimensional space of holomorphic vector fields. 

We remark that there are already proofs of Theorems 1 and 3 which first show the existence 
of a Kahler-Einstein metric and then apply the results of [CT], [P2]. Indeed, Chen [Che] 
proved Theorem 1 by showing that the bisectional curvature along the flow approaches 
that of the Fubini-Study metric, concluding that the manifold is P", and then applying 
[CT]. A proof of Theorem 3 can be obtained by combining [P2] with the result that, 
in complex dimension 2, the vanishing of the Futaki invariant implies the existence of a 
Kahler-Einstein metric [Tl]. We note that our proofs use primarily flow methods and in 
particular avoid showing first the existence of a Kahler-Einstein metric. 

A key step in the proofs of Theorems 1, 2 and 3 is to obtain a uniform lower bound for the 
first positive eigenvalue A of the d'^d operator on T^'^ vector fields. The idea of considering 
this eigenvalue along the Kahler-Ricci flow was introduced in [PS3] and examined further in 
[PSSW2] . In Section 2 we show that certain curvature conditions imply the desired bound 
for A. In Sections 3, 4 and 5, we give the proofs of Theorems 1, 2 and 3 respectively. 
Finally, in Section 6 we describe how the Deligne pairing can be used to show that the 
Futaki invariant vanishes in the case n — 1. 

2 Lower bounds for the d operator 

For a solution g(t) of the Kahler-Ricci flow (1.1), we define the Ricci potential u by ^gkj — 
gij — Rij = djd/^u, where we normalize u by imposing the condition e~"a;"' = Sx'^^- 
Here, a; = ^^^^g-^-dz^ A dz^ e 7rci(X) is the Kahler form of g{t). 

In the following, we will make use of the estimates of Perelman [P2] (see [ST]): 

(i) For a uniform C > 0, we have \\u\\co + jlViijjco -|- < C. 

(ii) Let p > be given. Then for all x e X and all r with < r < p we have 

/ a;" > CV'", (2.1) 

JBr{x) 

for a uniform constant C > 0, where Bj.[x) is the geodesic ball of radius r centered 
at X with respect to g{t). 

(iii) The diameter of {X,g{t)) is uniformly bounded. 
Define two time dependent inner products on T^'° by 

{V,W)^ = / gi^V^me-^uj^ and {V,W)^ = / gi^V^W^uj^. (2.2) 
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Since u is uniformly bounded the corresponding norms || • ||„ and || • ||o are equivalent. Let 
A = X(t) and A = \{t) respectively be the smallest positive eigenvalues of the operators 
L = —g'^^ViVj + Vj-uVj and L = —g^^'Vi'V] acting on T^'° vector fields. Denote by rj 
the space of holomorphic vector fields on X. Then A is the largest number satisfying 

rk\2„—u, ,n ^ \ |T/fc|2„— u, ,n 



Vi^'^Me-^a;" > A / |l/'=Me-"u;" (2.3) 
X Jx 

for all V with the property: (V, = for all ^ & fj. Similarly, A is the largest number 
satisfying 

j^lViV^Y'^" > AJ^I^Y^" (2-4) 

for all V with the property: (V, ^)o = for all ^ E rj. The following lemma shows that A 
and A are uniformly equivalent. 

Lemma 1 There exist uniform positive constants Ai and A2 such that 

AiA < A < A2X. (2.5) 

Proof of Lemma 1: Let V e T^'^ be a smooth vector field such that (V, ^)o = for all ^ e 
77. Write 

V = W + with ^0 e and {W, = for all ^ e ^- (2-6) 

Then 

= {V,^o)o = Weo)o + (eo,eo)o, (2.7) 
and the Cauchy-Schwarz inequality implies 

(^0,^0)0 < {W,WU^o, ^o)o. (2.8) 
Hence there exist ci, C2 > such that 

ci{Co,Co)u < (^0,6)0 < {W,W)o<C2{W,W)^. (2.9) 

Thus 

f iVVl'^u'' >cs f iVl^l^e-^cu" = 03 f iVW^I^e-^a;" > C3A f \W^e-''uf 



-^{W,W)u + ^{W,WU>^{W,W)u + ^{^o,^o)u > cA{V,V)o, (2.10) 

and it follows that A > C4A, giving the first inequality. The second inequality follows 
similarly. Q.E.D. 

We recall some notions of positivity. A tensor Tj^j^. is Griffiths nonnegative if 

T-jiik^VWW'' > (2.11) 
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for all vectors V,W E T ' . For brevity we write Tj-jf^ >Gr 0. The condition of nonnegative 
bisectional curvature means -Rjjj^ >Gr 0. We say that a tensor Tj^jj^ is Nakano nonnegative 
if _ 

TjaM'" > 0, (2.12) 

for all tensors ( G T^'° (g) T^'°, and we write T^-y, >Ara for short. 



Next, we show that under a positive curvature condition, the eigenvalue A can be bounded 
below away from zero. 

Lemma 2 Suppose that a Kdhler metric g satisfies 

R-jiik + R-ji9lk - c 9-ji9ik >Na 0, (2.13) 
for some constant c > 0. Then A > c. 
Proof of Lemma 2: Recall the commutation formulae: 

(v,v^-v^v,)y'= = g'^'R-u^.v^ (2.14) 

(V,Vy-VrV.)a- = ^"^^%„a^, (2.15) 

for a T^'^ vector field V and a (0, 1) form a. Let be an eigenvector of the operator L 
with eigenvalue A. Then 

-g'^V^VJV'' = XV''. (2.16) 

Apply Vy to obtain 

-^^^VjV.VjV'^ = XVjVK (2.17) 
Using the commutation formulae we have 

-g'^v.VjVjV + g'^'^^R-HrupW + g^'^g'^'R-Him^iV = Av^y^ (2.18) 

Multiply by g'^'^ gik^ rV* to obtain 

-g''Vtkg''^^rV^ViVjVjV' + g^'^g'^Rj^j^VrV^v^v^ + g'-Vtkg'^'R-im^rV^^^v'' 

= Xg'^g-tk'^rV^VjVK (2.19) 
From (2.13), after integrating by parts: 

Xf \VjV''\^uj'' >c f |Vjl^'=|^a;"+ / | VjVjV^'^l^u;", (2.20) 

and hence A > c. Q.E.D. 

Next, we show, under a slightly different curvature assumption, that the eigenvalue A can 
be bounded below. 



Lemma 3 Suppose that a Kdhler metric g satisfies 

Rlfik + (1 - ^)&j^9lu >Na 0, (2.21) 
for some constant c > 0. Then A > c. 

Proof of Lemma 3: Let V be an eigenvector of L with eigenvalue A. Then 

-g^^ViV-V^ + 5*^Vj\/^V,M = \V^. (2.22) 
Applying Vj as before, using the commutation formulae and the definition of u we have 

-g'^VrVjV-V'^ + g'^g'^^'R-u^.V-V' + g'^g'^'R-u.^^^V^ 

+ g^^^jVf^^ViU + WjV'' - g'^Rj-VjV'' = ~XVjV''. (2.23) 

Multiply by g'^''gtk^rV^ to obtain 



+/'5t.5'^V,V^VjVjy'=V,« = A/''5i,V.F^VjV^ (2.24) 
Integrating against e^^o;" we obtain 

a/ iVjV'^lV^a;" > c / |Vjy'=pe-"a;"+ / | VjVjV^f e^^o;", (2.25) 
and hence A > c. Q.E.D. 

3 Proof of Theorem 1 

For the proof of Theorem 1, we will need a number of lemmas. 

Lemma 4 Suppose the Mabuchi K-energy is bounded below on Trci{X) and the bisectional 
curvature of go is nonnegative. Then along the Kdhler-Ricci flow 

WRkj-gkjWc^ 0' 

as t ^ oo. 

Proof of Lemma 4-' By the results of Bando [B] and Mok [Mok], the nonnegativity of 

the bisectional curvature is preserved along the Kahler-Ricci flow. It follows that the 
bisectional curvatures, and hence the full curvature tensor of = g{t) is uniformly bounded 
along the flow. The covariant derivatives of the curvature are also uniformly bounded along 
the flow. From [PS3], the lower boundedness of the Mabuchi K-energy implies 



6 



as t — > oo. Assume for a contradiction that there is a sequence of points Xi and times 
ti ^ oo with \Rj:,j — g]:j\{xij ti) > e > 0. Then by Perelman's non-collapsing result and the 
bound on the derivative of the Ricci curvature we obtain for uniform constants r > and 
c> 0, 

l%,-^?^,ra;">cr^ (3.2) 
at each time U. This contradicts (3.1). Q.E.D. 

We will use the following result from [Che] (Theorem 1.5), which is proved using the 
maximum principle. 

Lemma 5 Suppose there exist constants cq > andu > 1/2 such that the following holds. 
There is a Kdhler metric go satisfying 

Rjfikiao) - coiigo)ji{go)-ik + i9o)jki9o)-ii) >Gr 0, (3.3) 
and the solution of the Kdhler-Ricci flow g = git) starting at go satisfies 

R-ii > ^9]v (3-4) 
at all times. Then, along the Kdhler-Ricci flow, g — g{t) satisfies 

R'nik - ct{,gjmk + 9-jk9-ii) >Gr 0, (3.5) 
for Ct > with lim^^oo Q = (2i/ — l)/(n + 1) > 0. 
We will also need the following lemma: 

Lemma 6 Suppose that the curvature of a Kdhler metric g satisfies 

R-jiik - C9jig-ik ^Gr 0, (3.6) 

for some constant c > 0. Then 

Rjiik + Rjiffik - ^C9ji9ik >Na 0. (3.7) 

Proof of Lemma 6: This result is an application of the argument of [D], Proposition 10.14. 
It requires Lemma 10.15 from [D]: 

Lemma 7 Let q>3 be an integer and let x^^^y^ for 1 < \ < n be complex numbers. Let 
be the set of n-tuples of qth roots of unity and define complex numbers 

n n 

^W = Z!^^^' y(a)^^y^^^ for each a ^ (ai,...,an) eU^. 

A=l A=l 

Then for every pair [a, (3) with 1 < a, (3 < n, the following holds: 

-r> / f x^y/^, if a B ,^ 
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Proof of Lemma 7: Although this lemma is already contained in [D] , we give the short 
proof here for the sake of completeness. Wc only require the following elementary claim: 
the coefficient of x'^y^^ in the left hand side of (3.8) is g^" J2aeu^ o'aO^o^o'^, and this is 
equal to 1 if {a,n} = A} and otherwise. Indeed, for the second alternative, assume 
without loss of generahty that a ^ A} and then observe that 



For (3.9), replace a by the element of obtained by multiplying the a component of a 
by e^^^^/". Q.E.D. 

We may assume without loss of generality that we are calculating at a point where g^- — Sji. 
Fix C e T^'O T^'". We need to show 

(Rjiik + Rji9ik - nc9j,gj,)W > 0- (3.10) 

Let V(<,) = Vf^^d/dz' be the vector with components Vf^^ = ELi C^'^ e C. Let = 
W^^-^d/dz^ be the vector with components W^^-^ — ak E C. Then, by assumption. 



< Y.iR3uk-c93^9i,)Q-''Y. K}^ia)K}K) 

i,j,k,l aeU^ 



i,j k^l <7eU^ i,j k=l aeU^ 

= EE%.c^c' + E(%-^c^Jc^c', (3.11) 

i,j k^l i,j,k 

where we have made use of Lemma 7. Hence 

(Rjiik + Rji9ik - ncgj,g-jW _ _ 

= E E Rji-kkC^'c' + E E RjiikC^'c' + E(% - ^^^jjc^c' > o, (3.12) 

k i,j i,j k^l i,j,k 

since the first term is nonnegative by the assumption. Q.E.D. 
We can now prove Theorem 1. 

Proof of Theorem 1: If the initial metric has nonnegative bisectional curvature which is 
positive at one point then the bisectional curvature along the flow immediately becomes 
positive everywhere [B, Mok]. From Lemma 4 we see that for some T > and v > 1/2 
we have R-^^ > ugj- when t >T. Without loss of generality then, we may assume that for 
t > the metric has positive bisectional curvature and Rj^ > i^gji- From Lemmas 5, 6 and 
2 we see that the eigenvalue A is uniformly bounded away from zero. Since the Mabuchi 
K-energy is bounded below it follows from Theorem 2 of [PSSW2] (or, since the curvature 
is bounded, the results of [PS3]) that the Kahler-Ricci flow converges exponentially fast 
to a Kahler-Einstein metric. Q.E.D. 



8 



4 Proof of Theorem 2 



Before we give the proof of Theorem 2, we recall the definition of a Kahler-Ricci soliton. 
We say that a metric g with Kahler form to e 7rci(X) is a Kahler-Ricci soliton if 

9kj-Rkj = djd-kU (4.1) 

for a smooth function u with VVw = 0, or in other words if V^u is a holomorphic vector 
field. If is a Kahler-Ricci soliton then g{t) = ^{t)*g is a solution to the Kahler-Ricci 
flow, where ^(t) is the 1-parameter subgroup of holomorphic automorphisms generated by 
the vector field Re(V%). Sometimes, by abuse of notation, we also call g{t) a Kahler-Ricci 
soliton. 

Now we recall from [PS3] that for a solution g[t) of the Kahler-Ricci flow, the function 
Y{t) = fx iVwpc;'* satisfies 

Y(t) < -2X(t)Y(t) -2X(t)Fvit(7rt(V^u)) - Z(t), (4.2) 

where 

Z{t) = \Vu\\R -n) + V%V^«(i?s, - g-.jP'^, (4.3) 

and Fut(7rt(V"''u)) is the Futaki invariant of the orthogonal projection vr^ with respect to 
( , )o of the vector field V% to the space r] of holomorphic vector fields. We have the 
following lemma. 

Lemma 8 If g{t) is a Kahler-Ricci soliton then Y{t) — Z{t) — for all t >0. 

Proof of Lemma 8: Since Y is unchanged by automorphisms it follows that Y{t) = 0. 
Compute 

/ V^uV~^u{R-kj - = - / V^uV''u{djd-ku)uj'' 

= f (VjV%)(V^iiVfcii)u;" = / (n-i?)|Vii|^u;", (4.4) 
and hence Z{t) = 0. Q.E.D. 
We will make use of the following result. 

Theorem 4 Suppose condition (A') holds and that along the Kahler-Ricci flow we have 
Y{t) — > 05 i — > oo and X{t) > c for some uniform constant c > 0. Then the Kahler-Ricci 
flow converges exponentially fast in C°° to a Kdhler-Einstein metric. 

Proof of Theorem 4- This follows from the arguments of Lemma 5 and Lemma 6 of 
[PSSW2]. Indeed, one can easily check that the argument of Lemma 5 of [PSSW2] shows 
that under the assumptions of Theorem 4, \\R{t) — n||co converges exponentially fast to 
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zero. Now apply Lemma 6 of [PSSW2] which states that if \\R{t)—n\\ci.>dt < oo then the 
Kahler-Ricci flow converges exponentially fast in C°° to a Kahler-Einstein metric. Q.E.D. 

We can now give the proof of Theorem 2. 

Proof of Theorem 2: It is shown in [PS3] that if the Riemann curvature tensor is uniformly 
bounded along the flow and condition (B) holds then there is a uniform lower bound of X{t) 
away from zero, li Y{t) — > as i — > oo then the required result will follow immediately 
from Theorem 4. We assume for a contradiction that there is a constant £ > and a 
sequence of times tj oo such that Y{tj) > e for all j. 

Since we have uniformly bounded curvature, diameter and injectivity radius along the 
flow wc can apply Hamilton's compactness theorem [H2] to obtain (after passing to a 
subsequence) diffeomorphisms Fj : X ^ X such that F*g{tj + 1) converges to a solution 
g{t) of the Kahler-Ricci flow on X which is the same manifold as X, but with possibly 
a different complex structure J (see [PS3]). The convergence of the metrics and their 
derivatives is uniform on compact subsets of X x [0, oo). Moreover, ^ is a Kahler-Ricci 
soliton. 

This last assertion follows from a theorem in [ST], but for our particular case, we can 
give here a direct argument for the convenience of the reader. Given a solution g(t) of 
the Kahler-Ricci flow one can make a change of variable t = — log (1 — 2s) and define 
a new metric h = h{s) by h{s) = (1 — 2s)g{t{s)). Then h satisfies, in real coordinates, 
^hij = —2Rij for s G [0, 1/2). Perelman [PI] showed that the functional 

At(/i,r) =inf{(2r)-" / {2r{R+ \W f\^) + f - 2n)e-fu'' \ (2r)-" / e'-^a;" = / u;"}, 

where the metric quantities are those of h, satisfies ■^fi{h{s), 1/2 — s) > 0. By Perelman's 
estimates for the scalar curvature and Ricci potential, n is uniformly bounded from above. 
Since fi is invariant under diffeomorphisms, it follows that the solution of the Ricci fiow 
h{s) corresponding to the limit solution g{t) has fi{h{s), 1/2 — s) constant in s. Hence (see 
for example [KL], section 12) h satisfies Rij + ViVjf — i^^ij ^ ^ some f = f{s) and 
it follows that ^ is a Kahler-Ricci soliton, as required. 

Now from (4.2), 

Y{tj + t) < -2XY{tj + t)- Z{tj + t). (4.5) 

Since limj^^ Y{tj + t) ^ Y (t), lim j Z{tj + t) = Z{t) uniformly for t in any compact 
interval, we have 

Y{t) < -2\Y{t) - Z{t). (4.6) 

But Lemma 8 says that Y(t) = Z{t) = so we get Y(t) = 0. This contradicts the 
assumption that Y{tj) > e for all j and completes the proof of Theorem 2. Q.E.D. 
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5 Proof of Theorem 3 



We now consider the case when n < 2 and the Futaki invariant of X vanishes. The key 
lemma that makes use of one or two complex dimensions is as follows: 

Lemma 9 Suppose X has complex dimension n <2. Then 

Rjiik >Gr <S=^- Rjfif, >Na 0. 

Proof of Lemma 9: The case n = 1 is trivial. Assume n = 2 and that g has nonnegative 
bisectional curvature. We require R-jUkC^K^^ ^ for all C,. Note that we only need the 
inequality for symmetric C, since if we set i/'^'^ — {Q^ + C*^*)/2 then by the symmetry of the 
curvature tensor, 

R-jiikV'C' = R-^uk^'^''- (5.1) 

We assume then that C, is symmetric and of rank 2 (if C, has rank 1 the result follows 
easily). Make a linear change of complex coordinates so that C, is the identity. Denote 
these new coordinates by z^^z^. Then 

RjilkC^^C^ = -^TlTl + -^2121 + -^T2T2 + -^2222- (5-2) 

We will show that the right hand side is nonnegative. Write X — d/dz^ and Y — djdz^ . 
Calculate 

< R(X-iY,X^iY,-%X^Y,iX^Y) 

= R(X, X, X, X) + R{Y, X, Y, X) + R(X, Y, X, Y) + R{Y, Y, Y, Y) 

— -^TlTl + -^2121 + -^T2T2 + -^2222 ' (5-3) 

where to go from the first to the second line, we have cancelled some terms using the 
symmetry of the curvature tensor. Q.E.D. 

Remark Note that positive bisectional curvature in dimension 2 is not equivalent to 
positive curvature in the Nakano sense. Indeed, a Kahler manifold with n > 2 can never 
have positive Nakano curvature because RjUkC-'''C^ = for every skew-symmetric (. 

Proof of Theorem 3: Prom Lemma 9 and Lemma 3 we see that \{t) > 1 and so, by Lemma 
1, \{t) is uniformly bounded below away from zero along the flow. We can now argue in 
the same way as in the proof of Theorem 2. Q.E.D. 

6 The Futaki invariant 

Suppose X admits a Kahler metric of positive bisectional curvature. Then, by the Frankel 
conjecture, X has a Kahler-Einstein metric and hence the Futaki invariant of X vanishes. 



11 



In order to solve the folklore problem, one would like to prove the vanishing of the Futaki 
invariant without using the existence of a Kahler-Einstein metric. In this section, we 
indicate how this can be done in the case n = 1, using the Deligne pairing. 

Proposition 1 If n — 1, the Futaki invariant of X vanishes. 

Proof of Proposition 1. Let K be the canonical bundle of the Fano manifold X. We claim 
that the natural homomorphism 

Aut°(X) ^ Aut((ir, K)) (6.1) 

is trivial, where ( , ) denotes the Deligne pairing. Given this, the Futaki invariant vanishes 
by Theorem 1 of [PSl]. 

We now prove the claim. Let V-^he a, holomorphic vector field on X. The Poincare-Hopf 
Theorem [Mi] implies that V has two zeros (here we are using the topological classification 
of surfaces). Denote these zeros by p and g, and assume for the moment that p ^ q. Let 
Q = ^dz. Then Q is a meromorphic 1-form on X with simple poles at p and q. After 
multiplying y by a non-zero scalar, we may assume that the residue at p is 1, and the 
residue at is —1. Fix zq & X with zq ^ p,q and let 

f{z) = exp(£Q). (6.2) 

Then / is meromorphic, /(p) = and f{q) = oo. Moreover, if pt is the 1-parameter family 
of biholomorphic maps generated by Im(\/), then f o p^. = e~**/^/. 

Now let VLq = jQ and Qi = fQ. Then the divisor of Qq is —2p and the divisor of Qi is 
—2q. In particular, the divisors are disjoint so the Deligne pairing {Qq, fli) is well-defined. 

Recall that if / is a meromorphic function, and if Qq, fli are meromorphic differential forms 
such that the divisors of fig, fli and ffli are pairwise disjoint, then 

(Qo,M) = /(div(Qo))(^^o,^^i). (6.3) 

Thus we obtain 

{p;no,P*t^i) = (e^*/20o,e-'*/2^i) = (Ho, Hi). (6.4) 

If V has a double zero at the point q, then we let p e X with p q, and define h{z) = Jp Qi 
where fii = ^dz. Then h vanishes at p and has a simple pole at q while Qi has a double 
pole at q. Let — Then has a double pole at p. Let pt be the 1-parameter 

family of biholomorphic maps generated by Im(y). Then 

{p;no,p;n,) = (FtQo,a), (6.5) 

for some meromorphic function Ft{z). A simple calculation shows that Ft{q) = 1 and thus 
{Ftno,ni) = {^0,^1). Q.E.D. 
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